
MMAT5390: Mathematical Image Processing

Assignment 1 Solutions

1. Write H as a block matrix

C11 · · · C1n

...
. . .

...
Cn1 · · · Cnn

.

Cij =


h1,i(1, j) h1,i(2, j) · · · h1,i(n, j)
h2,i(1, j) h2,i(2, j) · · · h2,i(n, j)

...
...

. . .
...

hn,i(1, j) hn,i(2, j) · · · hn,i(n, j)



=


A11Bji A12Bji · · · A1nBji
A21Bji A22Bji · · · A2nBji

...
...

. . .
...

An1Bji An2Bji · · · AnnBji


= BjiA

Hence,

H =


B11A B21A · · · Bn1A
B12A B22A · · · Bn2A

...
...

. . .
...

Bn2A Bn2A · · · BnnA

 = BT ⊗A.

2. Write H as a block matrix

C1,1 · · · C1,n

...
. . .

...
Cn,1 · · · Cn,n

.

Note that H is block-circulant if Ci,j = Ci+1,j+1. Since H is the transformation matrix of a

shift-invariant linear image transformation, we have hα,β(x, y) = h̃(α− x, β − y).

Ci+1,j+1 =


h1,i+1(1, j + 1) h1,i+1(2, j + 1) · · · h1,i+1(n, j + 1)
h2,i+1(1, j + 1) h2,i+1(2, j + 1) · · · h2,i+1(n, j + 1)

...
...

. . .
...

hn,i+1(1, j + 1) hn,i+1(2, j + 1) · · · hn,i+1(n, j + 1)



=


h̃(1− 1, i+ 1− (j + 1)) h̃(1− 2, i+ 1− (j + 1)) · · · h̃(1− n, i+ 1− (j + 1))

h̃(2− 1, i+ 1− (j + 1)) h̃(2− 2, i+ 1− (j + 1)) · · · h̃(2− n, i+ 1− (j + 1))
...

...
. . .

...

h̃(n− 1, i+ 1− (j + 1)) h̃(n− 2, i+ 1− (j + 1)) · · · h̃(n− n, i+ 1− (j + 1))



=


h̃(1− 1, i− j) h̃(1− 2, i− j) · · · h̃(1− n, i− j)
h̃(2− 1, i− j) h̃(2− 2, i− j) · · · h̃(2− n, i− j)

...
...

. . .
...

h̃(n− 1, i− j) h̃(n− 2, i− j) · · · h̃(n− n, i− j)



=


h1,i(1, j) h1,i(2, j) · · · h1,i(n, j)
h2,i(1, j) h2,i(2, j) · · · h2,i(n, j)

...
...

. . .
...

hn,i(1, j) hn,i(2, j) · · · hn,i(n, j)


= Ci,j

Hence, H is block-circulant.
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3. (a)

H = BT ⊗A

=

 A 0 2A
2A 0 A
0 3A A



=



1 0 3 0 0 0 2 0 6
0 5 0 0 0 0 0 10 0
7 0 9 0 0 0 14 0 18
2 0 6 0 0 0 1 0 3
0 10 0 0 0 0 0 5 0
14 0 18 0 0 0 7 0 9
0 0 0 3 0 9 1 0 3
0 0 0 0 15 0 0 5 0
0 0 0 21 0 27 7 0 9


(b) i. If O is separable, then H = BT ⊗A for some A,B ∈M22.

Write H =

(
H11 H12

H21 H22

)
. Then Hij is a scalar multiple of A for all i, j.

However, H12(1, 1) = π3H11(1, 1) and H12(1, 2) = πH11(1, 2) 6= π3H11(1, 2).
Therefore, O is not separable.
Notice that O is shift-invariant if and only if H is block-circulant and each block

matrix is circulant. Although H =

(
H1 H2

H2 H1

)
is block-circulant, H1 =

(
π π2

π3 π4

)
is not circulant.
Hence, O is not shift-invariant.

ii. Note that H =

1 1 0
5 0 2
1 3 4

⊗
0 1 0

2 0 2
0 1 0

 = BT ⊗A,

where A =

0 1 0
2 0 2
0 1 0

 , B =

1 5 1
1 0 3
0 2 4

.

Therefore, O(f) = AfB is separable. Also note that H is not block-circulant since
H11 6= H22. O is not shift-invariant.
(Remark: There are two typos in matrix H (row 6, col 8 and row 9, col 5). So,
marks will be given for both of the following: 1. correctly explaining if your answer
is separable; 2. your answer is not separable.)

4. Assume f and k are periodically extended.
Suppose O(f) = k ∗ f for some k ∈MN×N (R). Then,

O(f)(α, β) = k ∗ f(α, β)

=

N∑
x=1

N∑
y=1

k(x, y)f(α− x, β − y)

= ...+ k(−1, 0)f(α+ 1, β) + k(0, 0)f(α, β) + k(1, 0)f(α− 1, β) + k(0,−1)f(α, β + 1)

+ k(0, 1)f(α, β − 1) + ...

Since we know that

O(f)(α, β) =
1

4
[−5f(α, β) + 2f(α+ 1, β) + 3f(α− 1, β) + 4f(α, β + 1) + f(α, β − 1)] .

By setting k(−1, 0) = k(N − 1, N) = 1
2 , k(0, 0) = k(N,N) = − 5

4 , k(1, 0) = k(1, N) = 3
4 ,

k(0,−1) = k(N,N − 1) = 1, k(0, 1) = k(N, 1) = 1
4 and set other entries of k equal to 0

otherwise. O(f) is then equal to k ∗ f .

5. (a)

f =

1 2 3
3 1 2
2 3 1
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fT f =

1 3 2
2 1 3
3 2 1

1 2 3
3 1 2
2 3 1

 =

14 11 11
11 14 11
11 11 14


The eigenvalues are:

λ1 = 36, λ2 = 3, λ3 = 3

Thus, the singular values are:

σ1 =
√
λ1 = 6, σ2 =

√
λ2 =

√
3, σ3 =

√
λ3 =

√
3

Σ =

6 0 0

0
√

3 0

0 0
√

3


For each eigenvalue of fT f , the corresponding unit eigenvectors are:

v1 =
1√
3

(1, 1, 1)T , v2 =
1√
2

(1,−1, 0)T , v3 =
1√
6

(1, 1,−2)T

(Remark: The above eigenvectors are not the only option.)
Construct the V matrix:

V =


1√
3

1√
2

1√
6

1√
3
− 1√

2
1√
6

1√
3

0 − 2√
6


Using ui = fvi

σi
, we get:

u1 =
fv1
6

=

(
1√
3
,

1√
3
,

1√
3

)T
u2 =

fv2√
3

=

(
− 2√

6
,

1√
6
,

1√
6

)T
u3 =

fv3√
3

=

(
0,− 1√

2
,

1√
2

)T
Construct the U matrix:

U =


1√
3
− 2√

6
0

1√
3

1√
6
− 1√

2
1√
3

1√
6

1√
2


Finally, the SVD of f is:

f = UΣV T =


1√
3
− 2√

6
0

1√
3

1√
6
− 1√

2
1√
3

1√
6

1√
2


6 0 0

0
√

3 0

0 0
√

3




1√
3

1√
2

1√
6

1√
3
− 1√

2
1√
6

1√
3

0 − 2√
6


T

(b)

f = σ1u1v
T
1 +σ2u2v

T
2 +σ3u3v

T
3 = 6

 1
3

1
3

1
3

1
3

1
3

1
3

1
3

1
3

1
3

+
√

3

−
1√
3

1√
3

0
1

2
√
3
− 1

2
√
3

0
1

2
√
3
− 1

2
√
3

0

+
√

3

 0 0 0
− 1

2
√
3
− 1

2
√
3

1√
3

1
2
√
3

1
2
√
3
− 1√
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(c) Note that fT f = gT g, so the matrix Σ for the SVD of f and g are the same. Now we

can use the same matrix V to compute the SVD of g, but the matrix U we obtained for
g is different:

U =


1√
3
− 1√

6
− 1√

2
1√
3

2√
6

0
1√
3
− 1√

6
1√
2
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